The standard Λ-CDM predicts a growth of structures which tends to be higher than the values of redshift space distortion (RSD) measurements, if the cosmological parameters are fixed by the CMB data. In this paper we point out that this discrepancy can be resolved/understood if we assume that the graviton has a small but non-zero mass. In the context of the Minimal Theory of Massive Gravity (MTMG), due to infrared Lorentz violations measurable only at present cosmological scales, the graviton acquires a mass without being haunted by unwanted extra degrees of freedom. While the so-called self-accelerating branch of cosmological solutions in MTMG has the same phenomenology for the background as well as the scalar-and vector-type linear perturbations as the Λ-CDM in General Relativity (GR), it is possible to choose another branch so that the background is the same as that in GR but the evolution of matter perturbations gets modified by the graviton mass. On studying the fit of such modified dynamics to the above-mentioned RSD measurements, we find that the Λ-CDM model is less probable than MTMG by two orders of magnitude. With the help of the cross correlation between the integrated Sachs-Wolfe (ISW) effect and the large scale structure (LSS), the data also pin-down the graviton mass squared around µ 2 ≈ −(3 × 10 −33 eV) 2 , which is consistent with the latest bound |µ 2 | < (1.2 × 10 −22 eV) 2 set by the recent LIGO observation.
Most recent low-redshift (i.e. late-times) cosmological data [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] describing the growth of structures tend to be in tension with respect to high-redshift (i.e. early-times) CMB data. The Λ-CDM in GR is in excellent agreement with data from CMB experiments such as Planck [17] . Nonetheless, once the cosmological parameters are fixed by the CMB data, GR predicts a growth of structures which tends to be higher than the values of RSD measurements. When the perihelion shift of Mercury was found in the 19th Century, people tried to explain it by introducing an unknown planet called "Vulcan," so to speak a dark planet. The right answer, however, was not a dark planet but to change gravity, from Newton's theory to GR. With this in mind, while the above mentioned discrepancy between the early and late time cosmological data might actually be a result of unknown systematic errors that could come from baryon physics, mass functions, etc., it is definitely intriguing to ask whether the tension can be relaxed by modifying gravity at long distances. In GR, because of gravity's attractive nature, adding dynamical dark energy usually enhances the growth of structures and thus does not seem to help. In fact, history might actually repeat itself. Masses and spins are the most fundamental properties of particles and fields. For this reason, one of the most interesting possibilities for modification of gravity is to give a mass to the graviton, a spin-2 particle mediating gravity. The purpose of the present paper is to point out that the discrepancy between early and late time cosmological data can be resolved/understood if we assume that the graviton has a small but non-zero mass.
While a nonlinear theory of massive gravity stable around a Minkowski background, called the dRGT theory, was discovered in 2010 [20] , it was later shown that all homogeneous and isotropic cosmological solutions in the theory are unstable [21] . The MTMG [18] has then been introduced in order to get rid of the unwanted, unstable degrees of freedom. By explicitly breaking Lorentz invariance at cosmological scales, constraints were imposed to the system as to leave only the tensor modes to propagate, as in GR. The MTMG was originally formulated in the Hamiltonian formalism in [18] and then its action was obtained in [22] . Adopting the ADM decomposition of the 4-dimensional physical metric, g µν dx
, the MTMG action in the unitary gauge is of the form
where G N is Newton's constant, R is the Ricci scalar of g µν , m is a mass parameter, c n (n = 1, · · · , 4) are dimensionless free parameters, L n are scalars made of (γ ij ,γ ij , M/N ), F is a scalar made of (γ ij ,γ ij ) depending bilinearly on c n , λ and λ i are auxiliary fields that behave as a scalar and a spatial vector, D i is the spatial covariant derivative compatible with γ ij , andC 0 andC j i (i, j = 1, 2, 3) are a scalar and a spatial tensor made of (γ ij , γ ij , K ij ) depending linearly on c n [22] . Here,
is the extrinsic curvature and N i = γ ij N j . SinceC 0 depends on K ij , the kinetic structure of the theory after integrating out λ differs from GR and dRGT, as opposed to any other massive gravity theories considered before. The action depends on m and c n only through the combinations m 2 c n . We suppose that we rescale m so that c n = O(1) and that m sets the overall scale of the modification of gravity.
There are two distinct branches of cosmological solutions in MTMG: one branch (the self-accelerating branch) that provides a stable nonlinear completion of the self-accelerating solution [23] in dRGT theory and the other branch that we shall consider in the present paper. In the latter branch, often called the normal branch, of MTMG, it is possible to choose the fiducial metric 1 so that the cosmological background behaves exactly as the Λ-CDM. Therefore, on the background, MTMG is described by one single free parameter ρ Λ stemming from the graviton mass 2 , as
where H is the Hubble expansion rate, ρ m and P m are energy density and pressure of matter, and a prime denotes derivative with respect to the e-fold time-variable: N = − ln(1 + z), and z is the cosmological redshift. Furthermore, on studying the influence of the theory on the matter sector, it was found that in cosmological linear perturbation theory, the evolution of each mode differs from the Λ-CDM only for low redshifts [22] . In fact, by choosing the time variable as t = N and the lapse function as N = 1/H in the equation of motion for the dust perturbation δ m in the matter comoving gauge that was derived in [22] , one sees that the dynamics of dust perturbations is described by
where C 5 (N , k 2 ) and G eff (N , k 2 ) are functions of N and the squared comoving wavenumber k 2 , and depend also on c n (n = 1, · · · , 4). It is notable that in MTMG coupled with the CDM dust fluid the number of physical degrees freedom in the scalar sector is one, corresponding to the dust perturbation, and there is no extra degree of freedom. For this reason we do not need to rely on 1 The fiducial metric, in unitary gauge, corresponds to a given external symmetric (0,2) tensor field. In the following we will consider this external field to be homogeneous and isotropic, but time-dependent, in order for FLRW solutions to exist. Still, we have the freedom of choosing its lapse and scale-factor functions. Taking the advantage of this freedom, we set the ratio of the scale factor of the fiducial metric to that of the physical metric to be a constant X 0 . 2 In terms of the constant ratio X 0 , we have
the quasistatic approximation, that is commonly adopted in many modified gravity theories. By using the background equations (2) with P m = 0, it is shown that
, and µ is the mass of the gravitational waves 3 . On taking the subhorizon limit k 2 ≫ H 2 but without need for the quasistatic approximation, one thus obtains a simple equation without explicit dependence on k as
Therefore, at the level of linear perturbations in the subhorizon limit 4 , we find the second free parameter, θ. In order for the tensor modes not to develop instability whose time scale is shorter than the age of the universe 5 , we require that θ ≥ −10. In the limit θ → 0, we recover the evolution equation for the perturbations in the Λ-CDM. This same limit is achieved by Y → 0, i.e. at early times. The evolution equations for Ω m and Y read as follows
Furthermore we impose the system to satisfy the following boundary conditions at a point of high redshift, e.g. [17] ; as we shall see later, the ISW effect due to the time-dependence ofḠ eff does not change the Λ-CDM best-fit value significantly for a suitable choice of θ). One may set δ m (N i ) to any non-zero value since the overall amplitude of δ m does not affect the observable defined below.
The observable we will use to constrain the only remaining free parameter, θ, is defined as y(z) ≡ f (z)σ 8 (z), where f (z) = δ ′ m /δ m , and σ 8 (z) is the rms mass fluctuation of a sphere of radius 8 Mpc. Assuming a window function which is only dependent on k and on the radius of the spherical distribution of mass, we find that σ 8 (z) ∝ δ m (z). We can thus write
3 In terms of X 0 , we have µ 2 = m 2 X 0 (c 1 X 2 0 + 2c 2 X 0 + c 3 )/2 (see footnote 2 as well). 4 The dependence on other combinations of cn (n = 1, · · · , 4) shows up at the order O((aH) 2 /k 2 ) and in nonlinear corrections. 5 The precise value of the lower bound on θ does not change the result since the likelihood quickly decreases for smaller θ.
Since GR and MTMG are indistinguishable at early times and their backgrounds are exactly the same for all times, the CMB data give the same constraint on the value(s) of σ 8 (z i ) (and Ω m (N = 0)) for both theories. In GR we know that its best fit is given by σ GR 8 (z = 0) = 0.8159 and we can determine σ 8 (z i ) (common for GR and MTMG) by using the evolution for δ
. This prescription is justified since the growth function in MTMG on sub-horizon scales is scale-independent. Having defined the observable, y(z), we can now introduce the chi-square functions as follows
where the index n runs over the data points reported in Table 1 , y n and σ n are the observed values of y and its uncertainty for the n-th data point, and y [7] 0.3 -0.26 0.408 ± 0.0552 [8] 0.32 -0.28 0.394 ± 0.062 [9] 0.35 -0.30 0.440 ± 0.05 [5, 10] 0.37 -0.31 0.460 ± 0.038 [7] 0.4 -0.336 0.419 ± 0.041 [8] 0.41 -0.34 0.450 ± 0.04 [6] 0.44 -0.36 0.413 ± 0.08 [11] 0.5 -0.41 0.427 ± 0.043 [8] 0.57 -0.45 0.444 ± 0.038 [9] 0.59 -0.46 0.488 ± 0.06 [12] 0.6 -0.47 0.430 ± 0.04 [6] 0.6 -0.47 0.390 ± 0.063 [13] 0.73 -0.55 0.437 ± 0.072 [13] 0.77 -0.57 0.490 ± 0.18 [5, 14] 0.78 -0.58 0.380 ± 0.04 [6] 0.8 -0.59 0.470 ± 0.08 [15] 1.36 -0.86 0.482 ± 0.116 [16] the data points reported in Table 1 , we plot χ 2 MTMG (θ) in Fig. 1 . It should be noticed that for non-negative θ, χ 2 MTMG (θ) has a local minimum at θ min ≈ 1.165 and then rapidly increases for larger values of θ. A similar behavior is observed for negative θ, with another local minimum at θ min ≈ −3.828. In order to discriminate between the two local minima of χ 2 MTMG (θ), we now consider the ISW effect. The decrease ofḠ eff at late-time, indicated by the formula (4) and shown in Fig. 4 , can result in some additional ISW contribution to the CMB anisotropies since the ISW contribution to the anisotropies is a weighted line-of-sight integral of Φ ′ + Ψ ′ , which depends onḠ eff . Unlike the case of scalar-tensor theories [26] , the ISW effect and the LSS can either correlate or anti-correlate, depending on the sign of θ. This is because MTMG does not have an extra degree of freedom, while scalar-tensor theories do. For θ ≈ 1.165, adopting the large k approximation, the correlation between the ISW effect and the LSS is shown to be negative. This means that θ ≈ 1.165 is ruled out by observational data (see e.g. Fig 1 of [27] ). On the other hand, for θ ≈ −3.828, the correlation is positive as in the observational data (as well as in the Λ-CDM). Since MTMG studied in the present paper has the same background evolution as the Λ-CDM and the error bars for the ISW-LSS correlation data are large, this implies that CMB observations fix Ω m to essentially the same value in MTMG with θ ≈ −3.828 and the Λ-CDM.
Going back to the observable y(z) ≡ f (z)σ 8 (z), on defining the likelihood function as L = exp[−χ 2 MTMG /2], and sampling it via the MCMC method 6 , we obtain, in Fig. 2, a likelihood plot Besides, we numerically find that, for MTMG, χ [25] 8 , used to compare the relative likelihood of two models, we find that in this case GR is exp[(χ
−2 as probable as MTMG, where n fit = 1 is the number of extra fitting parameter(s) in (the subhorizon limit of) MTMG. This result is already interesting in terms of model building, as it states that the data lead to a larger likelihood for MTMG compared to the Λ-CDM. Moreover, from the theoretical point of view, the RSD measurements 7 We find that, for the alllowed best-fit (θ ≈ −3.828), σ 8 (0) ≈ 0.795. 8 In the absence of an established fundamental principle to determine the prior probability distribution in the space of theories including gravity, we avoid detailed Baysian analysis.
do set the value of the graviton mass squared to be
. This is consistent with the bound on the graviton mass set by the LIGO collaboration [19] , which applies to µ 2 since it is the mass squared entering the dispersion relation of gravitational waves. Also, this value of the graviton mass squared means that tensor modes at the present horizon scale or longer scales may grow now and in the future. Although such a slow growth is at present difficult to observe, it is certainly interesting to look for its observable signatures in the future. It should be noted that for the best-fit value of θ, we find that |µ| ≃ H 0 . This implies that in order to fit the data we do not need to add any new tuning/hierarchy among the physical scales in addition to the scale of the acceleration.
Finally, in Fig. 3 , we plot the data and the GR fit (red dashed line) together with the best MTMG fit (thick black line), whereas in Fig. 4 we show the evolution of the effective gravitational constant for the perturbationsḠ eff /G N , as a function of redshift and of 1/Y = ρ tot /ρ tot,0 , where ρ tot = ρ m + ρ Λ is the total energy density and ρ tot,0 is its present value. Table  1 . Fig. 4 shows deviation of MTMG from GR, |Ḡ eff /G N − 1| > 0.01, only for z < 5.49, which translates to ρ tot < 85ρ tot,0 . This observation, combined with the fact that in MTMG there is no scalar/vector degree of freedom to screen [18] , indicates that we will recover GR when the matter density of the environment, ρ env , is much higher than ρ tot,0 . For example, inside the galaxy and the solar system, ρ env is high enough to suppress any deviations from GR. On the other hand, as for the growth of LSS at low redshift, corresponding to low ρ env , Figs. 3 and 4 clearly show deviations of MTMG from GR, which greatly help reconciling the RSD data to the CMB data. In summary, in the context of MTMG a small but non-zero graviton mass tends to reduce the tension between early-time and late-time data sets. It also provides a model for the evolution of matter perturbations which can be further studied for the implications that the existence of a non-zero-mass graviton might have. This model can be further tested against future experiments/measurements related to the cosmological-scale dynamics of the CDM dust fluid.
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